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ABSTRACT 

I 
i 

A method is presented whereby accurate temperature-altitude pro- 

files of planetary atmospheres may be determined from the number-den- 

sity profiles of two inert gases having markedly different molecular 

'weights M. In the earth's atmosphere, such gases would preferably be 

helium and argon. In contrast to previous methods in which mass-den- 

sity profiles permitted the calculation of only the ratio T/M at alti- 

tudes sufficiently below the highest altitude of density data, the two- 

gas method yields values of kinetic temperature T ,  not only at low 

altitudes where number-density data for both gases exist, but also up 

to the greatest altitude for which the light-gas number-density data 

have been measured. The method depends upon recently developed mass 

spectrometers with detection sensitivites of the order of 10 particles 5 

per cubic centimeter . 

A rigorous error analysis predicts the accuracy of the resulting 

temperatures on the basis of sensor and telemeter characteristics, and 

allows for optimizing any actual experiment as far as range and number 

of measurements are concerned. 
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SUMMARY 

A new method i s  desc r ibed  which a l lows  an a c c u r a t e  de t e rmina t ion  of 

t h e  temperature  p r o f i l e  i n  a heterogeneous atmosphere i n  which t h e  sev- 

e r a l  c o n s t i t u e n t s  a r e  i n  d i f f u s i v e  equi l ibr ium. This  method involves  

t h e  u s e  of a r o c k e t -  o r  s a t e l l i t e - b o r n e  mass spectrometer  f o r  t h e  measure- 

ment of t h e  i n d i v i d u a l  number-density p r o f i l e s  of two atmospheric  s p e c i e s  

of widely d i f f e r i n g  mass number. These da t a  y i e l d  temperature  p r o f i l e s  

w i t h  a n  accuracy depending only upon t h e  accuracy of t h e  mass spectrometer .  

E x i s t i n g  equipment permits  t h e  determinat ion of t h e  e a r t h ' s  a tmospheric  

t e m p e r a t u r e  w i th  a n  accuracy equa l  t o  t h e  accuracy of t h e  number-density 

d a t a  f o r  a l t i t u d e s  below 250 km. 

The f i r s t  p a r t  of t h i s  paper dea l s  w i th  some a s p e c t s  of t h e  develop- 

ment of t h e  temperature-densi ty  r e l a t i o n s h i p s .  Recently,  c a r e f u l  s t u d i e s  

of t h i s  problem have been undertaken i n  connection wi th  t h e  c r e a t i o n  of 

new model atmospheres. For t h i s  reason, t h i s  paper n e n t i o n s  only those  

f a c t s  which a r e  c l o s e l y  r e l a t e d  t o  t h e  problem of t e m p e r a t u r e  determina- 

t i o n  from dens i ty  p r o f i l e s .  

The innovat ions which y i e l d  the temperature  p r o f i l e  a r e  d i scussed  

i n  d e t a i l  and a h y p o t h e t i c a l  a p p l i c a t i o n  of t h i s  method t o  t h e  u p p e r  p a r t  

of t h e  e a r t h ' s  atmosphere, demonstrates t h e  power of t h i s  approach. 
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Numerical c a l c u l a t i o n s  were performed a s  an i l l u s t r a t i o n  of t h i s  method 

us ing  t h e  d e n s i t y  p r o f i l e s  of two r a r e  gases  - H e  and A - which seem t o  

be very s u i t a b l e  because of t h e i r  l a rge  d i f f e r e n c e  i n  molecular weight 

and t h e i r  chemical i n e r t n e s s .  

The second p a r t  of t h i s  paper c o n s i s t s  of an  ex tens ive  e r r o r  ana ly -  

s i s .  Because of t h e  complexity of  t h e  problem no d i r e c t  and r e l i a b l e  

e s t i m a t i o n s  of t h e  e r r o r s  r e s u l t i n g  from experimental  u n c e r t a i n t i e s  can 

be made. Therefore ,  a vigorous mathematic e r r o r  a n a l y s i s  was performed 

with two goa l s  i n  mind: (I-) t o  determine t h e  t o t a l  u n c e r t a i n t y  of t h e  

f i i a l  r e s u l t s  and (2)  t o  determine optimum c o n d i t i o n s  under which t h e  

f i n a l  e r r o r s  w i l l  become minimum. 

Considerable  thought was given t o  t h e  problem of how t h e  number of 

d a t a  p o i n t s  used i n f l u e n c e s  t h e  f i n a l  r e su l t s ;  i n  p a r t i c u l a r ,  a s tudy i s  

made of t h e  problem of t h e  s t a t i s t i c a l  t r ea tmen t  of da t a  p o i n t s  so c l o s e  

t o g e t h e r  i n  a l t i t u d e ,  t h a t  they cannot be considered independent.  

The i n f l u e n c e  of s e n s i t i v i t y  and n o i s e  l e v e l  of t h e  mass spectrometer  

and of r ead ing  accuracy a s s o c i a t e d  wi th  t h e  t e l eme te r  system, were ca re -  

f u l l y  considered.  A l l  t h e s e  i n v e s t i g a t i o n s  t o g e t h e r  a l low one t o  o b t a i n  

t h e  important  parameters f o r  t h e  proper design of t h e  experiment as  f a r  

as  in s t rumen ta t ion  and range of i n v e s t i g a t i o n  i s  considered.  

The e r r o r  a n a l y s i s  was performed i n  a very gene ra l  way which al lows 

one t o  adopt  t h i s  method t o  many other  problems of t h e  eva lua t ion  of d a t a  

o b t a i n e d  by r o c k e t  and s a t e l l i t e  experiments. 
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SECTION 1 

INTRODUCTION 

Knowledge of t h e  atmospheric temperature p r o f i l e  as a f u n c t i o n  of 

h e i g h t  i s  of g r e a t  importance f o r  the proper  i n t e r p r e t a t i o n  of many 

p h y s i c a l  e f f e c t s  i n  any given p l ane ta ry  atmosphere and f o r  t h e  under- 

s t and ing  of t h e  mechanism involved. I n  p a r t i c u l a r ,  even s m a l l  changes 

i n  t h e  temperature  p r o f i l e  can have cons ide rab le  e f f e c t s  on t h e  p r e s -  

s u r e  and d e n s i t y  d i s t r i b u t i o n  i n  any atmosphere. 

The temperature  wi th  i t s  a l t i t ude -dependen t  v a r i a t i o n s  i s  one of 

t h e  b a s i c  atmospheric parameters s i n c e  i t  i s  t h e  d e f i n i n g  p rope r ty  of 

many o t h e r  p h y s i c a l  p r o p e r t i e s  of an atmosphere. Absorption of s o l a r  

r a d i a t i o n  a t  some a l t i t u d e ,  f o r  i n s t ance ,  may r e s u l t  i n  an  i n c r e a s e  of 

t e m p e r a t u r e  which, as a consequence, may change t h e  d e n s i t y  of t h i s  

atmosphere a t  much h ighe r  a l t i t u d e s  by o r d e r s  of magnitude. 

Any d i r e c t  approach t o  t h e  measurement of temperature  i n  a r a r e f i e d  

gas i s  p r a c t i c a l l y  impossible ,  and i n d i r e c t  methods a p p l i e d  t o  t h e  upper 

r e g i o n s  of any p l a n e t a r y  atmosphere have t o  d a t e  y i e l d e d  r e s u l t s  w i th  

r a t h e r  l i m i t e d  accuracy.  On t h e  other  hand, any d i s c u s s i o n  of atmos- 

p h e r i c  p r o p e r t i e s  m u s t  be  based on r e a l i s t i c  model atmospheres which 
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cannot  be c r e a t e d  wi thout  r easonab le  e s t ima tes  of t h e  tempera ture  d i s -  

t r i b u t i o n  wi th  h e i g h t .  

model atmospheres (Minzner, 1956; Minzner, 1958; Minzner, 1959; Champion 

and Minzner, 1963) have been developed from assumed temperature  p r o f i l e s  

which were a d j u s t e d  r epea ted ly  u n t i l  t h e  p r e s s u r e  and d e n s i t y  va lues  

c a l c u l a t e d  from these  temperature  p r o f i l e s  matched the  observed rocke t  

and s a t e l l i t e  da t a  w i t h i n  l i m i t s  compatable wi th  t h e  wide spread  of da t a .  

In  t h e  c a s e  of t h e  e a r t h ' s  atmosphere,  some 

With t h e  a v a i l a b i l i t y  of rocke t -  o r  s a t e l l i t e - b o r n e  h igh  s e n s i t i v i t y  

mass spec t rometers  (G. Sauermann and R. Herzog, 1961),  a new method t o  

o b t a i n  a temperature  p r o f i l e  can be  suggested.  The g e n e r a l l y  used 

approach,  t o  o b t a i n  temperatures  from d e n s i t y  o r  p r e s s u r e  p r o f i l e s ,  

impl ied  knowledge of t h e  mean molecular weight of t h e  atmosphere and i n  

p a r t i c u l a r  t h e  change of t h e  mean molecular weight w i th  a l t i t u d e .  

Therefore ,  a b s o l u t e  temperature  de te rmina t ions  could n o t  be  made ac-  

c u r a t e l y ,  e s p e c i a l l y  a t  a l t i t u d e s  above 250 km where t h e s e  determin- 

a t i o n s  may be  o f f  by a f a c t o r  of t w o .  

The method suggested i n  t h i s  paper r e l i e s  on t h e  knowledge of t h e  

number-density p r o f i l e s  of two i n e r t  gases  such a s  hel ium and argon wi th  

wide ly  d i f f e r i n g  atomic weights .  The g r e a t  advantage of t h i s  choice  i s  

t h a t  t h e  d i s t r i b u t i o n  of t h e s e  two gases  wi th  h e i g h t  fo l lows  t h e  thermo- 

dynamical p r o p e r t i e s  of t h e  atmosphere only ;  no d i s s o c i a t i o n  o r  i on iza -  

t i o n  e f f e c t s  have t o  be  cons idered ,  and i t  i s  thought t h a t  charge ex- 

change processes  do n o t  seem t o  e f f e c t  t h e  d i s t r i b u t i o n  of t h e s e  two 

g a s e s ,  a t  l e a s t  up t o  a l t i t u d e s  of approximately 1000 km. 



* 

It will be shown that basically no initial knowledge of the tempera- 

ture at any altitude is necessary to establish a temperature profile, as 

long as both gases are in diffusive equilibrium. In order to examine the 

suitability of the approach, the method was subjected to a vigorous error 

analysis which proved the validity of the general principle. Considering 

the complexity of the problem, the resulting errors can be kept surprisingly 

small, approximately 10% at 700 km altitude, as a numerical calculation 

for the case of the earth's atmosphere demonstrated. 

This paper represents a modification and condensation of an earlier 

study published as a report (Minzner, Sauermann and Peterson 1963) under 

Contract NASw-394. 
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SECTION 2 

THE  RELATIONSHIP OF TEMPERATURE TO NUMBER DENSITY 

We cons ide r  an  a l t i t u d e  r eg ion  i n  which d i f f u s i v e  s e p a r a t i o n  domi- 

n a t e s  t h e  d i s t r i b u t i o n  of t h e  s e p a r a t e  atmospheric gases  and i n  which d i s -  

s o c i a t i o n ,  i o n i z a t i o n ,  and chemical r e a c t i o n s  invo lv ing  t h e s e  gases  can 

be neg lec t ed .  One may then  u s e  t h e  h y d r o s t a t i c  equa t ion  and k i n e t i c -  

t heo ry  c o n s i d e r a t i o n s  t o  o b t a i n  t h e  fol lowing well-known equat ion g iv ing  

temperature  T i n  terms of T and the values of number d e n s i t y  ve r sus  

a l t i t u d e ,  n ( h ) ,  f o r  a p a r t i c u l a r  atmospheric c o n s t i t u e n t  of molecular 

2 1 

weight M: 

where R i s  t h e  u n i v e r s a l  gas constant  and where t h e  s u b s c r i p t s  1 and 2 

s p e c i f y  t h e  value of n or  T f o r  p a r t i c u l a r  a l t i t u d e s  c o n s i s t e n t  w i th  t h e  

l i m i t s  of t h e  i n t e g r a l .  

t i a l  a l t i t u d e  "h" (V. Bjerknes,  1910; L.'P. Harr ison,  1951) by means of 

The r e s u l t s  a re  expressed i n  t e r m s  of geopoten- 

t h e  d e f i n i n g  t r ans fo rma t ion  g (z )dz  = Gdh, where g ( z )  i s  t h e . v a r i a b l e  ac -  

c e l e r a t i o n  of g r a v i t y  a t  geometric a l t i t u d e  "z"  and where G i s  a cons t an t  

s c a l e  f a c t o r .  The u s e  of geopo ten t i a l  a l t i t u d e  e l i m i n a t e s  t h e  need t o  

4 
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account f u r t h e r  f o r  changes i n  t h e  a c c e l e r a t i o n  of g r a v i t y  wi th  a l t i t u d e .  

I n  t h e  form when h i s  g r e a t e r  than h Equation (1) has  been used 

by Elterman (1953) t o  deduce t e m p e r a t u r e  from t o t a l  number-density d a t a  

a t  a l t i t u d e s  below t h e  r e f e r e n c e  l e v e l  h l  f o r  which an  i n i t i a l  tempera- 

t u r e  T For t h i s  a p p l i c a -  

t i o n  M was considered t o  be t h e  mean molecular weight.  

1 2, 

must be assumed o r  determined independently.  1 

A s  has  long been r e a l i z e d ,  Equation (1) has  a p r a c t i c a l  l i m i t a t i o n  

which makes it  almost u s e l e s s  f o r  c e r t a i n  s i t u a t i o n s .  The d i f f i c u l t y  

comes i n  computing temperatures  T a t  a l t i t u d e s  cons ide rab ly  above t h e  

r e f e r e n c e  a l t i t u d e ,  f o r  which c a s e  n << n For such a c a l c u l a t i o n  one 

f i n d s  t h a t  t h e  v a l u e s  of T 

two n e a r l y  i d e n t i c a l  q u a n t i t i e s  and t h e r e f o r e  a r e  of dubious value,  e s -  

2 

2 1' 
depend on r e l a t i v e l y  sma l l  d i f f e r e n c e s  between 2 

p e c i a l l y  s i n c e  one of t h e  q u a n t i t i e s  i s  equal  t o  T t imes a f a c t o r  1 

>> 1, which correspondingly magnifies any u n c e r t a i n t y  i n h e r e n t  i n  "l'"2 

Tl.  Although t h i s  e f f e c t  i s  a s e r i o u s  l i m i t a t i o n  f o r  a heavy gas l i k e  

argon, one f i n d s  t h a t ,  f o r  a l i g h t  gas l i k e  helium, t h e  number-density 

g r a d i e n t  w i th  respect t o  a l t i t u d e ,  i n  t h e  r eg ion  of d i f f u s i v e  s e p a r a t i o n ,  

is small enough t h a t  t h e  undes i r ab le  c o n d i t i o n  n << n i s  not  reached 

except  f o r  a very l a r g e  a l t i t u d e  increment, i . e . ,  of t h e  o rde r  of 1000 km. 

2 1 

Equation (1) a p p l i e d  i n  

no such l i m i t a t i o n .  Now, i n  

a downward d i r e c t i o n ,  on t h e  o t h e r  hand, has  

f a c t ,  s i n c e  n > n one f i n d s  t h a t  t h e  f u r -  2 l' 

t h e r  t h e  computation i s  c a r r i e d  below t h e  r e f e r e n c e  l e v e l  h t h e  l e s s  

important  i s  t h e  term con ta in ing  t h e  r e f e r e n c e  temperature  T This  

1' 

1' 
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f avorab le  s i t u a t i o n  i s  enhanced when t h e  number-density g r a d i e n t  i s  l a r g e ,  

as f o r  a heavy gas i n  t h e  r eg ion  of d i f f u s i v e  s e p a r a t i o n .  I n  summary, 

then, a heavy gas i s  p r e f e r a b l e  f o r  a downward-proceeding c a l c u l a t i o n ;  

a l i g h t  gas i s  p r e f e r a b l e  f o r  an  upward-proceeding c a l c u l a t i o n .  

The two equat ions implied above w i l l  be  r e f e r r e d  t o  as t h e  heavy-gas- 

down equat ion and t h e  l ight-gas-up equation, and a r e  s t a t e d  as 

* .b 

"b hb 

I n  t h e s e  two expressions,  as i n  a l l  l a te r  work, t h e  s u b s c r i p t  "a1' r e f e r s  

t o  t h e  h ighe r  a l t i t u d e  and "b" t o  the  lower a l t i t u d e .  

heavy-gas number d e n s i t i e s  and t h e  heavy-gas molecular weight a r e  i d e n t i -  

fi-ed by a s t e r i s k s ,  wh i l e  t h e  l i g h t - g a s  number d e n s i t i e s  and molecular 

weight a r e  designated by r e g u l a r  type. 

I n  a d d i t i o n ,  t h e  

Thus, t o  determine t h e  temperature p r o f i l e  f o r  an a l t i t u d e  region,  

i t  would seem d e s i r a b l e  t o  o b t a i n  the number d e n s i t i e s  f o r  two indepen- 

den t  n e u t r a l  gases  - one a heavy gas, and t h e  o the r  a l i g h t  gas .  The 

heavy-gas number d e n s i t i e s  n*(h) would f i r s t  be used i n  t h e  downward 

c a l c u l a t i o n ,  a f t e r  assuming some reasonable  i n i t i a l  r e f e r e n c e  temperature  

T . The temperature T , computed a t  t h e  lower a l t i t u d e  from t h e  heavy- 
bl a 

0 
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gas-down c a l c u l a t i o n ,  would then se rve  as t h e  r e f e r e n c e  temperature  a s -  

sumed f o r  an upward c a l c u l a t i o n  using t h e  l i g h t - g a s  number d e n s i t i e s  

n ( h ) .  The p rocess  may be used i t e r a t i v e l y  t o  improve s u c c e s s i v e l y  t h e  

computed va lues  of temperature  between a l t i t u d e s  a and b. A f t e r  N i t e r a -  

t i o n s ,  f o r  example, one o b t a i n s  

* * 9; 

T =( .$ j”$Ta 
+ A  a b  +...+(+;) 1 n n  n n  N - 1  - 

b n a  0 n b bN 

Jr * * 
n n  

n a  T =($?>”T + A n b [ I l + ; ; - + + . . .  a b  n a n 
b 

n a  0 a 
b N a 

where 

na nb 

n, a 
Under t h e  cond i t ions  t h a t  JC - < 1 and N i s  a l a r g e  number, Expressions n 

( 4 )  and (5) converge e x a c t l y  t o  the equa t ions  

7 
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a 

a h 

a d , ]  , 

nb 
T =  a 1 * yja 9: R 

b hb 
n n ( e -? )  hb 

b n 

Expressions (6 )  and ( 7 )  w i l l  be  r e f e r r e d  t o  a s  t h e  double-gas-down 

t i o n  and t h e  double-gas-up equat ion,  r e s p e c t i v e l y .  

For many cond i t ions  t h e  i n t e r v a l  a t o  b and t h e  d i f f e r e n c e s  i n  mol- * n a e c u l a r  weight of t h e  two gases a r e  such t h a t  t h e  r a t i o  ~r i s  s e v e r a l  
n n; 

a 

nb 
o r d e r s  of magnitude sma l l e r  than - . I n  t h i s  c a s e  only one i t e r a t i o n  

i s  needed [N = 1 i n  Equations ( 4 )  and ( 5 ) ]  t o  a r r i v e  a t  t h e  e s s e n t i a l l y  

c o r r e c t  temperatures T and T This i s  seen from t h e  f a c t  t h a t  t h e  

heavy-gas-down expression,  under the above r e s t r i c t i o n s ,  g ives  t h e  co r -  

a b '  

r e c t  temperature  T t o  wi th in  very c l o s e  approximation and, t h e r e f o r e ,  

when used i n  t h e  l i gh t -gas -up  expression g ives  t h e  c o r r e c t  temperature 

b 

>k 
n n a a 

nb "b 
p r o f i l e  from b t o  a .  It i s  expected, from t h e s e  arguments, t h a t  i f  JC << - ¶  

t h e  two double-gas equat ions m u s t  degenerate  t o  t h e  s i n g l e - g a s  equat ions,  

a t  least  near t h e  end p o i n t s  a and b. It i s  indeed found t h a t  Equations (6 )  

and ( 7 )  a f t e r  s l i g h t  s i m p l i f i c a t i o n  become 

8 



These expressions obviogsly approach t h e  heavy-gas-down and t h e  l i g h t -  

The double-gas equat ions have the  r a t h e r  p l e a s a n t  f e a t u r e  t h a t  t h e  

t e m p e r a t u r e  T o r  T can be computed d i r e c t l y  without  ever  assuming a 

r e f e r e n c e  temperature.  

d e n s i t i e s  f o r  two d i f f e r e n t  gases  a r e  known exac t ly ,  then t h e  temperature  

p r o f i l e  can be determined e x a c t l y ,  and i s  unique. I f ,  on t h e  o t h e r  hand, 

t h e  same d a t a  are  known e x a c t l y  f o r  only one gas,  t h e  temperature  p r o f i l e  

can be determined uniquely only i f  t he  exact  t e m p e r a t u r e  a t  some r e f e r e n c e  

p o i n t  w i t h i n  t h e  i n t e r v a l  i s  known. Whether w e  u s e  t h e  double-gas equa- 

t i o n s  o r  t h e  s ing le -gas  equa t ions  (assuming t h e  exac t  r e f e r e n c e  tempera- 

a b 

I f  t h e  number d e n s i t i e s  o r  t h e  r e l a t i v e  number 

t u r e  t o  be known), t h e  temperature p r o f i l e  is ,  of course,  t h e  same. 

The double-gas equat ions can a l s o  be obtained by so lv ing  Equations 

(2 )  and ( 3 )  simultaneously,  assuming t h a t  Ta and T i n  one equat ion have 

t h e  same meaning as i n  t h e  o t h e r  equation. The d e r i v a t i o n  by t h e  i t e r a -  

t i o n  procedure does, however, a i d  considerably i n  understanding t h e  r e -  

l a t i o n s h i p s  of t h e  v a r i o u s  equations.  

b 
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SECTION 3 

NLJMERI CAL ILLUSTRATION 

The i d e a s  contained i n  t h e  preceding s e c t i o n  are  i l l u s t r a t e d  numeri- 

c a l l y  by means of a h y p o t h e t i c a l  s e t  of helium and argon number d e n s i t i e s  

shown i n  F igu re  1. These d e n s i t i e s  a r e  computed from t h e  s t anda rd  atmos- 

phere temperature  p r o f i l e  (Champion e t  a l ,  1962; Champion and Minzner, 

1963) on t h e  b a s i s  of a mictopause l e v e l  a t  120 km. According t o  t h i s  

model, argon number-density v a l u e s  vary more than a f a c t o r  of l o5  be- 

tween 150 and 450 km a l t i t u d e ,  t h e  approximate po in t  where argon s i g n a l -  

JS 

t o - n o i s e  r a t i o  f a l l s  below u n i t y  i n  a mass spectrometer  having a s e n s i -  

10 3 t i v i t y  of 10 p a r t i c l e s  p e r  meter . Helium, on t h e  o t h e r  hand, varies 

by less than a f a c t o r  of 10 between 150 and 700 km, a n  a l t i t u d e  where t h e  

number d e n s i t y  i s  s t i l l  considerably above t h e  n o i s e  l e v e l  of a mass 

spectrometer  having t h e  s e n s i t i v i t y  mentioned above. 

S ince  t h e  temperature  p r o f i l e  and t h e  number d e n s i t i e s  used i n  t h e  

i l l u s t r a t i o n s  a re  s e l f  c o n s i s t e n t ,  t h e  i n t e g r a l s  a r i s i n g  from Equation 

(1) i n  i t s  v a r i o u s  forms can be evaluated i n d i r e c t l y  by means of t h e  r e -  

l a t i o n s h i p  

J< 
Throughout t h i s  paper geometric a l t i t u d e  i s  i d e n t i f i e d  by t h e  u n i t s  km 

and g e o p o t e n t i a l  a l t i t u d e  by the u n i t s  km' . 
10 



. 

LL / 

0 
0 
6 J  

0 
0 

IC 

0 

i 
11 



Of course,  when doing a n  a c t u a l  experiment, t h e  temperature  p r o f i l e  i s  

t h e  unknown t o  be found; thus,  t h e  i n t e g r a l  m u s t  be eva lua ted  d i r e c t l y  

by numerical  methods. For example, i f  q heavy-gas dens i ty -da ta  p o i n t s  

a r e  a v a i l a b l e ,  one might use t h e  fol lowing form of Equation (2) ob ta ined  

by app ly ing  t h e  t r a p e z o i d a l  r u l e  t o  eva lua te  t h e  in tegr ' a l :  

Jr -IC Jr 

2 

n 

b j = 2  

F i g u r e  2 shows t h e  r e l a t i v e  importance of t h e  two terms of t h e  gen- 

e r a l  single-gas-down equat ion r e s u l t i n g  when h < h i n  Equation (1). 

Because t h e  equat ion i s  def ined i n  terms of g e o p o t e n t i a l  a l t i t u d e ,  F igu re  

2 1 

2 i s  a l s o  i n  terms of g e o p o t e n t i a l .  The heavy l i n e  i n  F i g u r e  2 i s  t h e  

c o r r e c t  temperature  T and t h e  lower dashed l i n e s  r e p r e s e n t  t h e  va lues  of 

t h e  i n t e g r a l  term i n  Equation (1) when a p p l i e d  t o  argon and helium. The 

values of t h e  r a t i o  t e r m -  T a r e  r ep resen ted  by t h e  d i f f e r e n c e s  between 

t h e  temperature  l i n e  and t h e  dashed l i n e s  a t  any a l t i t u d e  h For argon, 

t h e  v a l u e  of t h i s  term drops t o  a n e g l i g i b l y  small  va lue  ( l e s s  than 1%) 

nl 
n 1  2 

2 '  

a t  a l t i t u d e s  below h2 = 300 km' when t h e  r e f e r e n c e  l e v e l  h l  i s  450 km'. 

For helium, on t h e  o t h e r  hand, w i t h  t h e  r e f e r e n c e  l e v e l  h l  a t  700 km', 

t h e  r a t i o  term never becomes n e g l i g i b l y  sma l l  w i th in  t h e  r eg ion  of i n t e r e s t ,  

12 
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and is in fact still 18% of T at h 2  = 150 km'. 

was chosen as an upper limit for plotting Equation (1) in terms of argon 

data since this is the altitude above which argon can no longer be det- 

ected by any presently available mass spectrometers. For helium an upper 

altitude limit of 700 km' was chosen, although one could almost certainly 

go much higher. 

An altitude of 450 km' 

If T is incorrectly assumed to be O°K for an argon calculation, 1 

for example, the value of the ratio term is zero. The computed values of 

T would thus follow the dashed line labeled Ar, and accurate values of 

T2 would be obtained at altitudes below 300 km'. 

T 

term is 3000' at 450 km' and the computed values of T 

line labeled Ar. 

For a similar range of assumed values of T with helium number-density 

data, however, no realistic values of T 

the altitude region where diffusive separation may exist (i.e., above 

120 km'). The single-gas-down equation is obviously unsuitable for a 

2 

If, on the other hand, 

is assumed to be 3000°K in an argon calculation, the value of the ratio 1 

follow the solid 2 

Again, accurate values of T2 are obtained below 300 km'. 

1 

are forthcoming for any part of 2 

gas as light as helium unless reliable high-altitude reference temperatures 

are available. 

Figure 3 presents a similar evaluation of the general single-gas- 

up equation obtained when h A semi-log plot is 

made necessary by the large range of values, with the heavy line again 

being temperature T. The dashed line, representing the value of the 

> h l  in Equation (1). 2 

14 
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argon i n t e g r a l  t e r m ,  i n c r e a s e s  i n d e f i n i t e l y  wi th  i n c r e a s i n g  a l t i t u d e  a s  

does t h e  argon r a t i o  t e r m  r ep resen ted  by t h e  l i g h t  s o l i d  l i n e  l a b e l e d  

A r .  

by t h e s e  two l i n e s .  Such a re la t ively s m a l l  d i f f e r e n c e  (of t h e  o rde r  of 

10 ) between two very l a r g e  va lues  ( i . e . ,  10 a t  450 km') i s  very i n -  

a c c u r a t e .  An u n c e r t a i n t y  of 10 C i n  T a t  150 km' propagates t o  an  er- 

r o r  of 10 degrees  C a t  450 km'. It i s  appa ren t  t h a t  t h e  s ingle-gas-up 

equat ion i s  not s u i t a b l e  f o r  a gas as  heavy a s  argon. With helium, how- 

ever ,  t h e  r a t i o  term and t h e  i n t e g r a l  t e r m  each have a va lue  of t h e  same 

o rde r  as t h e  temperature.  I n  t h i s  i n s t ance ,  an e r r o r  of 10°C a t  150 km' 

propagates  t o  an  e r r o r  of only 100 C a t  700 km', and i t  appears t h a t  t h i s  

equat ion i s  q u i t e  s u i t a b l e  f o r  a l i g h t  gas c a l c u l a t i o n ,  provided of course 

t h a t  enough gas i s  p resen t  f o r  t h e  measurement. 

The t e m p e r a t u r e  T i s  t h e  d i f f e r e n c e  between t h e  two terms r e p r e s e n t e d  

3 8 

0 

1 
6 

0 

F i g u r e  4 shows t h e  eva lua t ion  of t h e  double-gas-down expres s ion  as 

given by Equation (6), presented on a semi-log p l o t .  The heavy l i n e  

r e p r e s e n t s  t h e  temperature T, t h e  two dashed l i n e s  a r e  t h e  va lues  of t h e  

argon and helium i n t e g r a l s ,  and t h e  l i g h t  s o l i d  l i n e  r e p r e s e n t s  t h e  va lue  

of t h e  dimensionless r a t i o  f a c t o r .  The d i f f e r e n c e  between t h e  i n t e g r a l  

terms m u l t i p l i e d  by t h e  r a t i o  f a c t o r  y i e l d s  T I n  t h i s  form, t h e  re- 

l a t i o n s h i p  of t h e  double-gas-down t o  t h e  heavy-gas-down equat ion i s  no t  

e v i d e n t .  I f ,  however, each i n t e g r a l  t e r m  i s  s e p a r a t e l y  m u l t i p l i e d  by 

t h e  r a t i o  f a c t o r  t h e  r e s u l t i n g  values  a r e  t h e  open c i r c l e s  f o r  t h e  argon 

term and t h e  s o l i d  c i r c l e s  f o r  t h e  helium term. A s  b moves below 300 km', 

i t  i s  ev iden t  t h a t  t h e  con t r ibu t ion  from t h e  helium t e r m  becomes sma l l  

b '  

16 
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and t h e  double-gas-down equa t ion  becomes e s s e n t i a l l y  equa l  t o  t h e  heavy- 

gas-down equat ion a t  low a l t i t u d e .  

F i n a l l y ,  i n  F igu re  5 i s  i l l u s t r a t e d  t h e  double-gas-up expression,  

a s  given by Equation ( 7 ) .  A s  i n  Figure 4 t h e  heavy l i n e  r e p r e s e n t s  t h e  

temperature  T, t h e  two dashed l i n e s  r e p r e s e n t  t h e  i n t e g r a l  terms, and 

t h e  l i g h t  s o l i d  l i n e  r e p r e s e n t s  t h e  r a t i o  f a c t o r .  The value of t h e  argon 

i n t e g r a l  term i s  seen t o  r i s e  r ap id ly  u n t i l  i t  approaches a cons t an t  near  

300 km'. The value of t h e  helium i n t e g r a l  term con t inues  t o  r i s e  wi th  

a l t i t u d e  but  always remains below the value of t h e  argon i n t e g r a l .  Un- 

l i k e  t h e  t h r e e  previous cases ,  i t  i s  n o t  r e a d i l y  demonstrated g r a p h i c a l l y  

t h a t  t h e  double-gas-up equa t ion  approaches t h e  l i g h t  gas up equat ion,  

a t  l e a s t  w i th  t h e  form of t h e  double-gas-up equat ion a s  p re sen ted .  

18 
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SECTION 4 

ERROR ANALYSIS - GENERAL 

L e t  u s  assume t h a t  number-density d a t a  f o r  two o r  more gases  i n  t h e  

atmosphere a r e  given. The u n c e r t a i n t i e s  a s s o c i a t e d  wi th  each temperature  

equa t ion  a re  l i k e l y  t o  vary widely,  and each equat ion w i l l  have r e g i o n s  

of optimum u t i l i t y .  To i n v e s t i g a t e  t h e  behavior of t h e  u n c e r t a i n t i e s  

t h e  gauss i an  method has  been used, wherein each d a t a  p o i n t  i s  assumed 

t o  be normally d i s t r i b u t e d  w i t h  a n  average v a l u e  y and having a v a r i a n c e  

6y. Thus, i f  x i s  a f u n c t i o n  of t he  independent v a r i a b l e s  y and i f  

each v a r i a b l e  y 

i s  approximated by 

i 

has a n  u n c e r t a i n t y  6y i i’ then t h e  u n c e r t a i n t y  Sx i n  x 

A s  a f i r s t  example of t h e  method, l e t  u s  assume t h a t  t h e  tempera- 

tu res  a r e  computed by cons ide r ing  each d e n s i t y  p o i n t  t o  be independent 

i n  t h e  sense  t h a t  t h e  va lue  of one p o i n t  t e l l s  no th ing  about  t h e  v a l u e  

of a neighboring p o i n t .  By Equation (9 )  then, ( a f t e r  assuming t h a t  t h e  

i n t e g r a l s  a r e  eva lua ted  numerically) one o b t a i n s  a set  of expres s ions  

20 



f o r  t h e  temperature u n c e r t a i n t i e s ,  one expres s ion  f o r  each of t h e  f o u r  

temperature equat ions d i scussed  previously.  I n  o r d e r  t o  d i s t i n g u i s h  be- 

tween t h e  v a r i o u s  temperature u n c e r t a i n t i e s ,  a s p e c i a l  n o t a t i o n  i s  used, 

a s  explained by t h e  fol lowing examples: (6T s i g n i f i e s  t h e  u n c e r t a i n t y  

i n  temperature  a t  a l t i t u d e  h 

t i o n  and computed from t h e  r e f e r e n c e  l e v e l  ha.  

t h e  u n c e r t a i n t y  a t  a l t i t u d e  h a s  obtained from t h e  double-gas-up equat ion 

with h as t h e  r e f e r e n c e  l e v e l .  The u n d e r l i n e  below "a" o r  "b" denotes  

t h e  r e f e r e n c e  l e v e l ,  and t h e  s u b s c r i p t  "h", "R" o r  "d" denotes t h e  u s e  

of t h e  heavy-gas, l i g h t - g a s ,  o r  double-gas equat ion.  The s e t  of tempera- 

t u r e  u n c e r t a i n t i e s  i s  as fol lows:  

a 

as  determined from t h e  heavy-gas-down equa- b 
a 

S i m i l a r l y  (6T b)d i d e n t i f i e s  - 
a 

b 

a 1 2  * 2 112 
(6T -) = JC [u + (na 6Ta) ] , 

b b h  n 

a 1 2  2 112 
- b 4 na (6T ) = - [v + (n,, 6Tb) 3 9 

(13)  
a 
b d  (6T -) = * 

a 

where, f o r  example, i f  t h e  necessary i n t e g r a l s  have been evaluated by 

21  



t h e  t r a p e z o i d a l  r u l e  u s ing  equal  i n t e r v a l s  Ch one f i n d s  t h a t  

j=  2 

The u n c e r t a i n t i e s  i n  number dens i ty  6n a t  v a r i o u s  a l t i t u d e s  and f o r  

v a r i o u s  gases  would normally be r e l a t e d  t o  t h e  s t anda rd  d e v i a t i o n s  of t h e  

measurements. These u n c e r t a i n t i e s  depend upon t h e  p r e c i s i o n  of t h e  p a r -  

t i c u l a r  measuring instruments ,  i . e . ,  upon t h e  r ead ing  e r r o r  a s s o c i a t e d  

wi th  t h e  output  p r e s e n t a t i o n  o r  a s s o c i a t e d  wi th  t h e  t e l eme t ry  system, 

and upon t h e  u l t i m a t e  s e n s i t i v i t y  which determines t h e  l i m i t a t i o n s  i n  

t h e  r eg ion  of low s i g n a l - t o - n o i s e  r a t i o .  

A second t y p e  of u n c e r t a i n t y ,  not a s s o c i a t e d  d i r e c t l y  wi th  s t a t i s t i c s  

but  n e v e r t h e l e s s  of v i t a l  concern, is t h e  c a l i b r a t i o n  accuracy. This  

c a l i b r a t i o n  accuracy, except f o r  n o n - l i n e a r i t y  and t h e  u s u a l l y  n e g l i g i b l e  

sho r t - t e rm d r i f t  a s s o c i a t e d  wi th  t r a n s i e n t  phenomena, does no t  e n t e r  i n t o  

t h e  c a l c u l a t i o n s  of temperature  s i n c e  number d e n s i t i e s  always appear as 

r a t i o s  i n  which t h e  c a l i b r a t i o n  constant  conve r t ing  ou tpu t  c u r r e n t  t o  

number d e n s i t y  cance l s .  The a b s o l u t e  number d e n s i t i e s  a re  necessary,  

however, i n  o rde r  t o  provide information on t h e  temperature  u n c e r t a i n t i e s ,  

. It i s  a 
which c o n t a i n  not  only r a t i o s  l i k e  - bu t  a l s o  terms l i k e  - 

n 6n 

"b "b 
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obviously of importance t o  have a c a l i b r a t i o n  u n c e r t a i n t y  sma l l  with 

r e s p e c t  t o  t h e  t r u l y  random e r r o r s .  

It i s  d i f f i c u l t  t o  deduce t h e  u n c e r t a i n t i e s  i n  number d e n s i t y  f o r  

many d a t a  obtained from rocke t  f l i g h t s ,  ( l a r g e l y  f o r  lack of s u f f i c i e n t  

concern by t h e  observer  during design, c a l i b r a t i o n  and r e d u c t i o n  of t h e  

d a t a )  bu t  one can g e n e r a l l y  guess what t h e  o rde r  of magnitude of t h e s e  

u n c e r t a i n t i e s  might be. L e t  u s  assume t h a t  t h e  measuring instrument  i s  

a mass spectrometer  having a s e n s i t i v i t y  An, and t h a t  t h e  combined e f f e c t s  

of r ead ing  e r r o r ,  te lemetry,  n o n - l i n e a r i t y  and e r r o r s  i n  aerodynamic t r a n s -  

fo rma t ions  a r e  e x p r e s s i b l e  a s  a f r a c t i o n a l  u n c e r t a i n t y  A t .  

order-of-magnitude estimate of 6n, f o r  t h e  spectrometer  under ambient 

cond i t ions ,  one might consider  t h e  func t ion  

Then, as  an 

& = & + A t  
n n (n > An) . 

This  f u n c t i o n  reproduces t h e  general  f e a t u r e s  expected, i . e . ,  when n i s  

much g r e a t e r  than t h e  n o i s e  l e v e l ,  6n/n i s  dominated by o v e r a l l  r ead ing  

e r r o r s ,  and when n approaches t h e  noise  l e v e l  6n/n approaches u n i t y .  

i s  recognized t h a t  t h e  t e r m  - tends t o  be p e s s i m i s t i c ,  e s p e c i a l l y  when 

t h e  n o i s e  l e v e l  i s  a r e l a t i v e l y  well-behaved, p r e d i c t a b l e  q u a n t i t y .  There- 

f o r e ,  under some circumstances,  i t  might be b e t t e r  t o  r e p l a c e  - by f ( & )  

w h e r e  f ( A n )  i s  some p r o p o r t i o n a l i t y  f a c t o r ,  w i th  t h i s  f a c t o r  dependent 

on t h e  p a r t i c u l a r  i n s t rumen ta l  c h a r a c t e r i s t i c s  near  t h e  n o i s e  level. 

It 

An 
n 

an c\n 
n 

The u n c e r t a i n t y  i n  temperature, 6 T  o r  6Tb, a t  t h e  r e f e r e n c e  a l t i t u d e  a 
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p r e s e n t s  a d i f f e r e n t  type of problem from t h a t  of t h e  u n c e r t a i n t y  i n  

number-density. Since temperature i s  t h e  unknown and i s  not d i r e c t l y  

measured, t h e  u n c e r t a i n t y  i n  t e m p e r a t u r e  a t  t h e  r e f e r e n c e  p o i n t  must be 

e i t h e r  guessed o r  e l s e  determined by an independent method. The s i n g l e -  

gas equat ions t h e r e f o r e  have obvious l i m i t a t i o n s .  

I f  one has  number-density da t a  f o r  two n e u t r a l  gases ,  and i f  no th ing  

i s  known about t h e  t e m p e r a t u r e ,  t h e  fol lowing g e n e r a l  procedure would be 

followed. F i r s t ,  t h e  a l t i t u d e  region i n  which t h e  d a t a  from t h e  two 

gases  overlap i s  used. I n  t h i s  region t h e  temperature  and t h e  tempera- 

t u r e  u n c e r t a i n t y  i s  determined from t h e  double-gas equat ions,  always 

choosing a t  each a l t i t u d e  t h e  temperature equa t ion  t h a t  g ives  t h e  lower 

u n c e r t a i n t y .  With t h e  endpoint values of t h e  double-gas r eg ion  as r e f -  

e r ences ,  one then  uses  t h e  s ingle-gas  equa t ions  t o  extend t h e  temperature 

and t e m p e r a t u r e  u n c e r t a i n t y  above the u p p e r  endpoint and below t h e  lower 

endpoint .  I f ,  however t h e  temperature a t  a p o i n t  i s  known t o  w i t h i n  some 

c l o s e  l i m i t s ,  i t  might be p r o f i t a b l e  t o  u s e  t h e s e  l i m i t s  and work wi th  

t h e  s i n g l e - g a s  equa t ions .  Examples of how t h e  d a t a  can be used i n  v a r i -  

ous  ways t o  o b t a i n  t h e  lowest u n c e r t a i n t i e s  w i l l  b e  shown i n  Sec t ion  5 

of t h i s  paper where numerical  eva lua t ions  of t h e  e r r o r  equat ions a r e  c a r -  

r i e d  through. 

It was seen i n  an  ear l ie r  s e c t i o n  t h a t  f o r  a l a r g e  enough i n t e r v a l ,  

only one i t e r a t i o n  of t h e  two s ingle-gas  equa t ions  was needed t o  g ive  t h e  

e s s e n t i a l l y  c o r r e c t  temperature  p r o f i l e .  The u n c e r t a i n t y  equat ions have 

24 



a s i m i l a r  behavior a l though t h i s  behavior i s  n o t  as w e l l  pronounced a s  

i t  i s  i n  t h e  t e m p e r a t u r e  equat ions and  cannot be s t a t e d  as  a gene ra l  

r e s u l t .  It can be demonstrated t h a t  under almost any p h y s i c a l l y  expected 
-1- 

n 

n. 
a n '' a cond i t ions  provided JC << - , Equations (10) and (13)  converge t o  t h e  

U common v a l u e  

f o r  any r easonab le  inpu t  u n c e r t a i n t y  6T assumed f o r  Equation (10).  This  

i s  c e r t a i n l y  t r u e  f o r  t h e  helium-argon d a t a  shown i n  F igu re  1. When 

t h i s  new u n c e r t a i n t y  i s  now u s e d  i n  t h e  l i gh t -gas -up  unce r t a in ty ,  Equa- 

t i o n  (ll), one f i n d s  t h a t  t h e  constant  va lue  of u from Equation ( 1 7 )  i s  

approached a sympto t i ca l ly  by t h e  v a r i a b l e  u which appears  i n  Equation 

(12),  t h e  double-gas-up u n c e r t a i n t y  equat ion.  Therefore  t h e  l i g h t - g a s -  

up and t h e  double-gas-up u n c e r t a i n t i e s  converge i f  Equation ( 1 7 )  i s  t h e  

inpu t  f o r  t h e  l i gh t -gas -up  equat ion.  

a 

It i s  important 

gas  u n c e r t a i n t y  

t o  r e a l i z e ,  however, t h a t  formal i t e r a t i o n  of t h e  s i n g l e -  

equat ions w i l l  no t  lead t o  t h e  double-gas u n c e r t a i n t y  

equa t ions .  It i s  i n  f a c t  i n c o r r e c t  t o  i t e r a t e  t h e  u n c e r t a i n t y  equat ions 

because t h e  da t a  would then  i n  e f f e c t  be used more than once, and t h i s  

i s  n o t  c o n s i s t e n t  w i t h  t h e  b a s i c  ideas of s t a t i s t i c s .  

Up t o  now t h e  equat ions have assumed t h e  complete independence of 
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each d a t a  p o i n t  from every o t h e r  po in t .  Let u s  observe what e f f e c t  t h i s  

has  on t h e  r e s u l t s .  A s  t h e  number of d a t a  p o i n t s  i n c r e a s e s  i n d e f i n i t e l y ,  

t h e  i n t e r v a l s  Dh i n  Equations (14) and  (15) become smaller and sma l l e r ,  

l ead ing  u l t i m a t e l y  t o  t h e  u n c e r t a i n t y  expressions de f ined  by t h e  condi- 

t ions 

2 2 * 2  2 * 2  u 
= Ta (6n ) t T,, @nb) , a 

2 2  2 2  2 v = Ta (6na) + Tb (€inb) 

This ,  of course,  i m p l i e s  t h e  i l l o g i c a l  r e s u l t  t h a t  t h e r e  i s  a l i m i t  be- 

yond which more d a t a  do no t  h e l p  t o  reduce t h e  u n c e r t a i n t y  i n  temperature.  

The re fo re  i t  seems t h a t  a point-by-point  t reatment  of t h e  d a t a  i s  no t  

always t h e  b e s t  technique and c e r t a i n l y  becomes p r o g r e s s i v e l y  worse as 

t h e  d a t a  p o i n t s  g e t  c l o s e r  t o g e t h e r .  Phys ica l  reasoning t e l l s  one, t h a t  

i f  two o r  more d a t a  p o i n t s  l i e  ve ry  c l o s e  t o  each o t h e r  i n  a l t i t u d e ,  then 

knowledge of one p o i n t  g ives  information about t h e  neighbors  simply be- 

cause t h e  temperature and d e n s i t y  of t h e  atmosphere a r e  slowly varying 

q u a n t i t i e s .  I f  t h e  neighboring po in t s  a r e  f a r  a p a r t ,  knowledge of one 

p o i n t  does n o t  c o n t r i b u t e  much t o  the knowledge of i t s  neighbors ,  and 

only then  does t h e  assumption, t h a t  each d a t a  p o i n t  i s  independent,  be- 

come meaningful. A u s e f u l  and reasonable  empi r i ca l  c r i t e r i o n  f o r  ensuring 

t h a t  point-by-point  t r ea tmen t  of the d a t a  i s  a s  good as one can do i s  

t h a t  the  t r u e  d i f f e r e n c e  between the a c t u a l  va lues  of t w o  neighboring 

number-densi t ies  be s e v e r a l  t imes l a rge r  than t h e  u n c e r t a i n t y  i n  each 

p o i n t .  

. 
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The c o r r e c t  way t o  handle  t h e  small  Ah problem, i . e . ,  when t h e  d i f -  

f e r ences  between a d j a c e n t  p o i n t s  i s  small  compared wi th  t h e  u n c e r t a i n t y  

i s  t o  use some type of l e a s t - s q u a r e s  f i t  t o  t h e  d a t a  and then proceed 

from t h e r e .  This  i s  o f t e n  a d i f f i c u l t  and always a t ed ious  o r d e a l ,  how- 

ever .  One a l t e r n a t e  approach, which i s  easy t o  apply and i s  simple i n  

concept,  i s  t o  average two, t h r e e ,  or more a d j o i n i n g  p o i n t s  u s ing  each 

p o i n t  only once. The d e c i s i o n  on how many p o i n t s  t o  average would be 

made on t h e  b a s i s  of how c l o s e  t h e  po in t s  a r e  i n  a l t i t u d e  coupled with 

what i s  t h e  u n c e r t a i n t y  i n  each po in t .  A s  an example, suppose one f i r s t  

dec ides  t o  average p a i r s  of d a t a  p o i n t s .  The average value would then 

apply t o  t h e  mid a l t i t u d e  of t h e  a d j o i n i n g  p o i n t s ,  and t h e  u n c e r t a i n t y  

of t h e  average va lue  would be 114-2 t i m e s  t h e  average u n c e r t a i n t y  of t h e  

two p o i n t s .  I f  t h e  new values  wi th  t h e i r  new lower e r r o r s  s a t i s f i e d  t h e  

c o n d i t i o n s  t h a t  neighboring p o i n t s  d i f f e r  i n  magnitude s i g n i f i c a n t l y  com- 

pared w i t h  t h e i r  u n c e r t a i n t i e s ,  t hen  t h e s e  new p o i n t s  may be used i n  t h e  

temperature  expressions,  Equations (2),  ( 3 ) )  (6), (7) and i n  t h e  e r r o r  

expres s ions ,  Equations (10) through (13); i f  no t ,  then t h r e e  ( o r  more) 

a d j o i n i n g  p o i n t s  can be averaged u n t i l  one reaches t h e  d e s i r e d  cond i t ions  

f o r  a d j a c e n t  p o i n t s .  By t h i s  means one i s  i n  e f f e c t  smoothing ou t  t hose  

f l u c t u a t i o n s  i n  t h e  d a t a  which a r e  a r e s u l t  of random e r r o r s  bu t  r e t a i n i n g  

t h o s e  f l u c t u a t i o n s  which a r e  of a s ize  l a r g e  compared wi th  t h e  u n c e r t a i n t y  

and a re  t h e r e f o r e  rea l .  Although small  k inks  no doubt do occur i n  t h e  num- 

b e r - d e n s i t y  p r o f i l e  they can be r e so lved  only i f  d a t a  of s u f f i c i e n t  number 

and q u a l i t y  a r e  ob ta ined  so  t h a t  the u n c e r t a i n t i e s  become smaller than 

t h e  k i n k s .  
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The empi r i ca l  procedure discussed above i s  c l e a r l y  not  uniquely 

def ined and t h e r e f o r e  r e q u i r e s  some judgement i n  i t s  a p p l i c a t i o n .  The 

s ta tement  t h a t  one can average two po in t s  i f  they a re  c l o s e  enough t o -  

ge the r  i n  a l t i t u d e  so  t h a t  t h e  u n c e r t a i n t i e s  a re  of t h e  same o rde r  as o r  

somewhat l a r g e r  than t h e  t r u e  d i f f e r e n c e  i n  magnitude, i s  vague i n  t h e  

exact  meaning of t h e  words "somewhat l a r g e r  than". It seems prudent 

t h e r e f o r e  t o  be conse rva t ive  i n  applying t h e  averaging process .  The 

important idea t o  be gained i s  t h a t  t h e r e  a r e  poor ways t o  handle  da t a ,  

t h e r e  are  r e l a t i v e l y  good ways t o  handle d a t a ,  and t h e r e  i s  t h e  one co r -  

rect  ( i n  a s t r ic t  s t a t i s t i c a l  s ense )  way t o  hand le  t h e  d a t a .  

n ique  we have suggested would be c l a s s e d  as one of t h e  r e l a t i v e l y  good 

ways. This  approach can very s u b s t a n t i a l l y  reduce t h e  temperature  un- 

c e r t a i n t y  below t h a t  given by s t r a i g h t  u s e  of Equations ( lo ) ,  (ll), (12), 

and (13) .  Now, i n  f a c t ,  as t h e  number of d a t a  p o i n t s  i n c r e a s e s  i n d e f i n i t e l y  

t h e  u n c e r t a i n t y  tends t o  zero as i t  should.  The above d i s c u s s i o n  w i l l  be  

ampl i f i ed  i n  t h e  nex t  s e c t i o n ,  dea l ing  wi th  numerical  e v a l u a t i o n s  of t h e  

e r r o r  equa t ions .  

The t ech -  
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SECTION 5 

ERROR ANALYSIS - NUMERICAL ILLUSTRATION 

I n  o rde r  t o  make t h e  preceding d i scuss ion  as c l e a r  as  p o s s i b l e ,  t h e  

b a s i c  r e s u l t s  of an  a n a l y s i s  of t h e  u n c e r t a i n t i e s  i n  a h y p o t h e t i c a l ,  s i m -  

p l i f i e d  experiment involving number-density d a m  are  presented.  We assume 

t h a t  by means of a mass spectrometer ,  v a l u e s  of number d e n s i t y  f o r  helium 

and argon over a n  extended range have been obtained.  For s i m p l i c i t y ,  t h e  

p o i n t s  a r e  assumed t o  be a t  i n t e r v a l s  of 10 g e o p o t e n t i a l  k i lome te r s  be- 

ginning a t  150 km' and extending t o  700 km'. The va lues  of t h e  number 

d e n s i t y  a r e  assumed t o  fo l low t h e  curves shown i n  F igu re  1, and t h e  un- 

c e r t a i n t y  a t  each p o i n t  i s  assumed t o  b e  given by Equation (16)  w i th  

An = 10 meter , and A t  = .01. This v a l u e  of A t  assumes t h a t  t h e  i n -  10 -3 

t e r p r e t a t i o n  of t h e  d a t a  i s  accu ra t e .  I n  many experiments where e x a c t l y  

what is being measured i s  open t o  question., t h e  v a l u e  of A t  may be much 

h i g h e r  than 1%. However, t h i s  type of e r r o r  i s  no t  s t a t i s t i c a l  but r a t h e r  

s y s t e m a t i c  i n  n a t u r e  and cannot be included i n  a s t a t i s t i c a l  a n a l y s i s .  

A t  an a l t i t u d e  of 400 km' t h e  number d e n s i t y  of t h e  argon is  e s t i -  

mated t o  be 1 .5  x 10" m-3, which i s  approaching t h e  l i m i t s  of instrument  

s e n s i t i v i t y .  Therefore ,  above 400 km' about a l l  one can say from t h e  
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experiment i s  t h a t  t h e  argon number dens i ty  i s  less than  t h e  instrument 

s e n s i t i v i t y  of 1 x 10 m ; t h e r e  a r e  no such r e s t r i c t i o n s  on t h e  helium 

d a t a ,  however, s i n c e  t h e  helium densi ty  never f a l l s  below t h e  instrument 

s e n s i t i v i t y  i n  t h e  a l t i t u d e  range considered. 

10 - 3  

It should be noted i n  t h e  c a l c u l a t i o n s  t o  fo l low t h a t  s i n c e  t h e  d a t a  

a re  assumed smooth, t h e  computed temperature p r o f i l e  and t h e  u n c e r t a i n t y  

p r o f i l e  a r e  a l s o  smooth. I n  a r e a l  experiment, of course,  t h e  da t a  p o i n t s  

do no t  a l l  l i e  on a smooth curve b u t  i n s t e a d  f l u c t u a t e  about an  average 

curve.  Thus, t h e  computed temperatures and u n c e r t a i n t i e s  w i l l  i n  a r e a l  

experiment f l u c t u a t e  wi th  ampli tudes c o n s i s t e n t  w i th  t h e  f l u c t u a t i o n s  i n  

t h e  number d e n s i t i e s .  

A s  a f i r s t  s t e p  i n  our i l l u s t r a t i v e  example, t h e  u n c e r t a i n t i e s  a r e  

computed assuming p o i n t  t o  p o i n t  i n t e g r a t i o n  without  averaging any groups 

of p o i n t s .  The b a s i c  r e s u l t s  are shown i n  F igu re  6 ,  i n  which t h e  s o l i d  

curves  come from t h e  double-gas equat ions,  and t h e  dashed curves come 

from t h e  s ing le -gas  equat ions.  An i n i t i a l  u n c e r t a i n t y  6T400 = 1000°K 

was assumed f o r  t h e  heavy-gas-down c a l c u l a t i o n ,  and t h e  r e s u l t i n g  v a l u e  

6T150 = 7.8  K w a s  then used i n  t h e  l ight-gas-up c a l c u l a t i o n .  0 It i s  seen 
a a a a 
b h  b d  - - t h a t  as  expected, t h e  cond i t ions  (6T -) Z (6T -) and (6T b )R  X (6T b)d 

ho ld  ve ry  c l o s e l y ,  so  t h a t  f o r  t h i s  experiment i t  makes l i t t l e  d i f f e r e n c e  

whether t h e  double-gas o r  s ing le -gas  equa t ions  a re  used. It i s  i n t e r e s t i n g  

and ve ry  encouraging t h a t  t h e  temperature u n c e r t a i n t y  a t  150 km' i s  a s  

s m a l l  a s  i t  i s .  The reason i s  t h a t  s i n c e  t h e  argon has  a very h igh  den- 

s i t y  i n  t h e  i n t e r v a l  150 km' t o  250 km' compared wi th  t h e  spectrometer  
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Figure 6. Temperature uncertainties computed by a point to point integration 
without averaging any group of points. 
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s e n s i t i v i t y ,  t h e  u n c e r t a i n t i e s  come mainly from t h e  q u a n t i t y  A t  i n  Equa- 

t i o n  (16) .  

even i f  A t  = 5% were used, one would s t i l l  o b t a i n  t o l e r a b l e  u n c e r t a i n t i e s ,  

The r e s u l t  6T150 = 7.8'K was obtained assuming A t  = l%, bu t  

namely, ZT 40 OK. 150 

S ince  t h e  argon number d e n s i t y  decreases  very r a p i d l y  wi th  i n c r e a s i n g  

a l t i t u d e ,  t h e  pe rcen t  u n c e r t a i n t y  i n  argon d e n s i t y  i n c r e a s e s  ve ry  r a p i d l y  

wi th  a l t i t u d e .  On t h e  o t h e r  hand, s i n c e  t h e  helium d e n s i t i e s  dec rease  

only moderately wi th  i n c r e a s i n g  a l t i t u d e ,  t h e  pe rcen t  u n c e r t a i n t y  i n  

helium d e n s i t y  i n c r e a s e s  only moderately. The downward proceeding equa- 

t i o n s  a r e  a f f e c t e d  mainly by t h e  argon da ta ,  wh i l e  t h e  upward proceeding 

equa t ions  a re  a f f e c t e d  mainly by t h e  helium da ta ,  and t h e r e f o r e  t h e  gen- 

e r a l  behavior  of t h e  results i s  r e a d i l y  understandable .  

The s i z e  of t h e  a l t i t u d e  range of d a t a  i s  a l s o  important,  and i n  

g e n e r a l  t h e  l a r g e r  t h e  t o t a l  a l t i t u d e  i n t e r v a l  used t h e  lower t h e  t e m -  

p e r a t u r e  u n c e r t a i n t y .  The r e s u l t s  f o r  t h e  double-gas-down computation 

f o r  an  i n t e r v a l  400 t o  150 km' and for  300 t o  150 km' are  shown i n  F igu re  

7. Although t h e  two curves converge i n  t h e  r eg ion  150 km' i t  i s  obvious 

t h a t  t h e  curve computed from t h e  higher  s t a r t i n g  a l t i t u d e  always g ives  

t h e  lower u n c e r t a i n t y .  

The u n c e r t a i n t i e s  computed i n  the  above t reatment  of t h e  d a t a  can 

be s i g n i f i c a n t l y  improved upon by using t h e  d a t a  t o  b e t t e r  advantage.  

Following t h e  procedure desc r ibed  i n  Sec t ion  4 ,  t h e  d a t a  a re  averaged 

c o n s i s t e n t  w i th  t h e  empi r i ca l  (and r a t h e r  conse rva t ive )  requirement t h a t  
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Figure 7. Temperature uncertainties computed by a point to point integration 

of the single-gas-down uncertainty equations without averaging any 
groups of points. 
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t h e  new a d j a c e n t  p o i n t s ,  a r r i v e d  a t  by averaging  ne ighbors ,  have t r u e  

d i f f e r e n c e s  g r e a t e r  than  t h e  new u n c e r t a i n t i e s .  Thus t h e  averaging  

process  was c a r r i e d  o u t  a s  fo l lows:  

no averages  taken 

average groups of two 

average groups of t h r e e  

average groups of fou r  

A l t i t u d e  Range 
of Argon (km') 

150 - 380 

390 - 400 

A l t i t u d e  Range 
of Helium (km') 

150 - 260 

2 7 0  - 540 

550 - 660 

670 - 700 

This  averaging  process  produced a s i g n i f i c a n t  decrease  i n  t h e  over-  

a l l  u n c e r t a i n t i e s  i n  t h e  l i g h t  gas  r e s u l t s  a s  shown i n  Figure 8 .  These 

a r e  about  10 t o  15% decrease  f o r  t h e  two-point average 16% f o r  t h e  

th ree -po in t  average and 20% f o r  t h e  fou r -po in t  average.  The r educ t ion  

of u n c e r t a i n t y  produced by averaging of heavy gas d a t a  a r e  n o t  shown, 

because t h e  l a r g e  s lope  tends  t o  mask t h e  e f f e c t  f o r  t h e  cond i t ions  

assumed. Only t h e  s ing le -gas  equat ions  were used i n  t h e  c a l c u l a t i o n  

b u t  obvious ly  t h e  double-gas equat ions  must g i v e  e s s e n t i a l l y  t h e  same 

r e s u l t s .  

I n  F igure  9 ,  t h e  s t anda rd  atmosphere temperature  p r o f i l e ,  wi th  which 

our  number d e n s i t i e s  a r e  c o n s i s t e n t ,  i s  shown a long  wi th  t h e  e s t ima ted  

u n c e r t a i n t i e s  one would o b t a i n  i n  an experiment a s  o u t l i n e d  i n  t h e  il- 

l u s t r a t i o n  above. 

p e r t u r e  r e s u l t s  a r e  obta ined  above 275 km', mainly because of t h e  r e l a -  

t i v e l y  s p a r s e  amount of assumed da ta .  

This  experiment i s  c l e a r l y  no t  one i n  which good tem- 

Consider what t h e  r e s u l t s  might 
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have been, had t h e  da t a  p o i n t s  been only 1 km' a p a r t  i n s t e a d  of 10 km' 

a p a r t .  

on ly  s l i g h t l y  compared wi th  the  10 km' d a t a .  With t h e  1 km' d a t a ,  how- 

ever, t h e  averaging  process  could very e f f e c t i v e l y  be used t o  reduce  

e r r o r s  by a f a c t o r  of 2 o r  3 over some of t h e  a l t i t u d e  range.  

reason  f o r  t h i s  i s  simply t h a t  a s  t he  number o f  po in t s  averaged toge the r  

i n c r e a s e s ,  t h e  u n c e r t a i n t i e s  6n and consequent ly  6T decrease  a s  t h e  

square  r o o t  of t h e  number of p o i n t s  averaged. 

The s t r a i g h t  po in t - to -po in t  c a l c u l a t i o n  would improve t h e  r e s u l t s  

The 

One can see t h a t  t h e r e  a r e  l i k e l y  t o  be  r eg ions  of a l t i t u d e  where 

i t  i s  n o t  very  important  t o  g e t  good d a t a .  For example, i f  one wants t o  

g e t  a s  good a va lue  of temperature  a s  p o s s i b l e  a t  150 km', t h e  most i m -  

p o r t a n t  d a t a  i s  t h e  argon number d e n s i t i e s  i n  t h e  reg ion  150 t o  250 km'. 

Argon d a t a  above 250 km' does n o t  have much in f luence  on t h e  c a l c u l a t e d  

temperature  a t  150 km'. I n  t h e  l igh t -gas-up  equat ion ,  however, improve- 

ments i n  t h e  d a t a  taken  a t  low a l t i t u d e s  i s  s t r o n g l y  f e l t  a t  t h e  h i g h e r  

a l t i t u d e s .  
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